Abstract. We show that the stable module categories of certain selfinjective algebras of finite representation type having tree class A n are actually u-cluster categories.
Introduction
Since their introduction in [6] , [7] , cluster categories have become a central topic in representation theory. They provide the framework for the representation-theoretic approach to the highly successful theory of cluster algebras, as introduced by Fomin and Zelevinsky [11] .
As a generalization, u-cluster categories have been defined recently [16] , [20] , [21] , which turn out to be closely connected to the generalized cluster complexes of Fomin and Reading [10] . For more details on the representation-theoretic aspects of u-cluster categories we refer to [2] , [4] , [5] , [19] , [21] .
In Section 1, we will recall the definition of cluster categories, and of the more general u-cluster categories. For the purposes of this introduction, let us just say that u-cluster categories are obtained from derived categories of hereditary algebras by identifying some of the objects.
The Auslander-Reiten (AR) quivers of u-cluster categories have an appealing structure. For instance, consider the quiver to the corresponding u-cluster category identifies two vertical lines on the band, and so the AR quiver of the u-cluster category has the shape of a wreath if u is even, and the shape of a Möbius band if u is odd.
This property is reminiscent of selfinjective algebras of finite representation type and tree class A n , in that these so-called Nakayama and Möbius algebras have stable module categories with AR quivers in the shapes of wreaths and Möbius bands. Moreover, the stable categories are triangulated, just like u-cluster categories.
We will show that this is not a coincidence: Under suitable numerical conditions, the stable category of a Nakayama algebra is triangulated equivalent to a u-cluster category of type A n with u even, and the stable category of a Möbius algebra is triangulated equivalent to a u-cluster category of type A n with u odd.
More precisely, for integers N, n ≥ 1 let B N,n+1 denote the Nakayama algebra defined by the circular quiver with N vertices, modulo the ideal generated by all paths of length n + 1.
Then our main result on u-cluster categories of type A n for u even is the following.
Theorem. Let u ≥ 2 be an even integer, and let n ≥ 1 be an integer. Set
Then the u-cluster category of type A n is equivalent as a triangulated category to the stable module category stab B N,n+1 .
For integers p, s ≥ 1 let M p,s denote the corresponding Möbius algebra (for the definition of these algebras by quivers with relations see Section 4 below).
Our main result on the u-cluster categories for u odd has the following form.
Theorem. Let u ≥ 1 be an odd integer, and let p, s ≥ 1 be integers for which
Then the u-cluster category of type A 2p+1 is equivalent as a triangulated category to the stable module category stab M p,s .
These results give a formerly unsuspected connection between the representation theories of the hereditary algebras kA n and the selfinjective algebras of finite representation type and tree class A n . The proofs are based on Keller and Reiten's seminal "Morita theorem" for u-cluster categories from [17] , and work by showing that the stable categories of Nakayama and Möbius algebras have some very strong formal properties in terms of their Calabi-Yau dimensions and maximal u-orthogonal objects.
Similar connections between u-cluster categories and selfinjective algebras can also be obtained for other Dynkin types [13] .
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u-cluster categories
This section collects the properties of u-cluster categories which we will need.
Let H be a hereditary k-algebra, where k is an algebraically closed field.
Let u ≥ 1 be an integer, and let C denote the u-cluster category of H, defined as the finite derived category D f (H) modulo the functor τ Note that this shift makes sense for all values of n: If n is even, then the reflection in the horizontal centre line sends a vertex of the quiver to a point midwise between two vertices, and the half integer shift by So if u is even, then the AR quiver of C has the shape of a cylinder or, as it is also known, a wreath, and if u is odd, then the AR quiver of C has the shape of a Möbius band.
There are u 2 n(n + 1) + n isomorphism classes of indecomposable objects in C.
Maximal orthogonal objects
The notion of a maximal u-orthogonal object in a triangulated category was introduced above. There is also a definition in abelian categories, cf. [14, sec. 2 ]. An object T of an abelian category is called maximal
Let Λ be a selfinjective k-algebra. Then by [12, sec. 9] , the stable module category stab Λ becomes a triangulated category with suspension functor Σ = Ω −1 , where Ω −1 maps any Λ-module to the cokernel of an injective envelope. Proposition 2.1. Let Λ be a selfinjective k-algebra and let T be a maximal u-orthogonal object of mod Λ. Then T is also a maximal uorthogonal object of stab Λ.
Proof. Since Λ is selfinjective, we have the isomorphisms
for M and N in mod Λ and i ≥ 1. Here Hom denotes morphisms in stab Λ.
On one hand, this implies
On the other hand, suppose that X in stab Λ satisfies
so X is in add T viewed in mod Λ. But then X is clearly also in add T viewed in stab Λ.
A similar argument shows that
implies that X is in add T viewed in stab Λ.
Nakayama algebras
For integers n ≥ 1 and N ≥ 1, consider the Nakayama algebra B N,n+1 defined as the path algebra of the circular quiverÃ N with all arrows pointing in the same direction, modulo the ideal generated by paths of length n + 1.
This is a selfinjective algebra of tree class A n . The AR quiver of the stable category stab B N,n+1 has the shape of a cylinder and can be obtained as ZA n modulo a shift by N units to the right.
On the other hand, as we saw in Section 1, if u is even then the ucluster category of type A n has an AR quiver which can be obtained as ZA n modulo a shift by u 2 (n + 1) + 1 units to the right. Indeed, this is not a coincidence.
Theorem 3.1. Let u ≥ 2 be an even integer, and let n ≥ 1 be an integer. Set
As a tool for the proof of the theorem, let us first prove the following general result which determines the stable Calabi-Yau dimension of arbitrary selfinjective Nakayama algebras.
Theorem 3.2. (Stable Calabi-Yau dimension of Nakayama algebras)
(1) For any N ≥ 1 the stable category stab B N,2 is 0-Calabi-Yau.
(2) For any N ≥ 1 and any n ≥ 2 set
Then the stable category stab B N,n+1 is of Calabi-Yau dimension 2 · K N,n+1 − 1. (3) For any N ≥ 1 and any n ≥ 2, the stable category stab B N,n+1
is of finite Calabi-Yau dimension if and only if gcd(N, n+ 1) = 1.
Proof. Recall that for the stable category of a selfinjective algebra Λ, the Calabi-Yau dimension is the minimal nonnegative number d such that ν ∼ = Ω −d−1 on stab Λ, where ν is the Nakayama functor and Ω is the Heller translate functor [9, cor. 1.3] . Note that for the algebras B N,n+1 the Nakayama functor ν induces an automorphism of the algebra B N,n+1 which is given by shifting n vertices on the circular quiver.
(1) The algebras B N,2 are Nakayama algebras of radical length 2, so the result follows from [9, prop. 2.1] (or can easily be checked directly).
(2) The module Ω −2 (S) of any simple B N,n+1 -module S is again simple, corresponding to the vertex given by shifting n + 1 vertices on the circular quiver. Since n ≥ 2, the module Ω −1 (S) is not simple. So the number K N,n+1 gives the minimal positive number l such that Ω −2l ∼ = ν on stab B N,n+1 , from which the statement on the Calabi-Yau dimension follows. Let us next find a maximal u-orthogonal object X in stab B N,n+1 with endomorphism ring isomorphic to kA n . By Proposition 2.1 it suffices to find a maximal u-orthogonal module X in the module category mod B N,n+1 whose stable endomorphism ring is isomorphic to kA n .
We define X to be a direct sum of the projective indecomposable B N,n+1 -modules and the indecomposable modules x 1 , . . . , x n whose position in the stable AR quiver is given by the following picture, (2, 4) (where indices have to be taken modulo N).
To each vertex x in the AR quiver one associates a 'forbidden region' H + (x) which is just the rectangle spanned from x to the right; more precisely, if x = (i, j), then H + (x) is the rectangle with corners x = (i, j), (i, i + n + 1), (j − 2, i + n + 1) and (j − 2, j), 
For our particular choice of the B N,n+1 -module X the set S is given by the above 'slice' x 1 , . . . , x n . Then the straightforward, but crucial, observation is that for i = 1, . . . , u the sets H(i) :
have the following shape,
i.e., each H(i) contains all the vertices in a triangular region of the AR quiver with each side of the triangle containing n vertices.
Recall that u is even by assumption. In total, the union of the forbidden regions 0<i≤u H(i) contains u n(n+1) 2 elements, and it covers precisely the entire region of the AR quiver between the slice x 1 , . . . , x n and the shift of it by (n + 1) + 1 given in the theorem, it is now clear from the above discussion that the B N,n+1 -module X is indeed maximal u-orthogonal. . So we need to check that all vertices corresponding to indecomposable summands of Σ −i X for i = 1, . . . , u − 1 are outside the forbidden region H(X) = j H + (x j ), where the union is over the indecomposable summands x j in X. Now, the action of Σ −1 on the AR quiver is just ω. For instance, the following figure shows the forbidden region along with the direct summands of X and of ωX, ω(x 1 ) 0 would be if we took i so large that the ω i (x j ) made it all the way around the AR quiver and hit the forbidden region from the right.
Let us check that this does not happen: ω 2 is just a shift by n + 1 units to the left, and hence ω u−2 = (ω 2 ) u 2 −1 is a shift by
units to the left. Since the AR quiver has a circumference of N units, it is clear that by applying ω u−1 we do not reach the forbidden region from the right.
Möbius algebras
For integers p, s ≥ 1, consider the Möbius algebra M p,s . Following the notation in [1, app. A2.1.2], these are defined by the following quiver,
. . . 
subject to the defining relations
0 for all i ∈ {0, . . . , s − 1};
(ii) β
(iii) Paths of length p + 2 are equal to zero. This is a selfinjective algebra of tree class A 2p+1 . The stable category stab M p,s is again triangulated, and its AR quiver has the shape of a Möbius band and can be obtained as ZA 2p+1 modulo a shift by s(2p + 1) units to the right, see [18] .
On the other hand, as we saw in Section 1, if u is odd then the ucluster category of type A 2p+1 has an AR quiver which can be obtained as ZA 2p+1 modulo a reflection in the horizontal centre line composed with a shift by u 2 (2p + 1 + 1) + 1 = u(p + 1) + 1 units to the right. This quiver also has the shape of a Möbius band, and again, this is no coincidence. Then the u-cluster category of type A 2p+1 is equivalent as a triangulated category to the stable module category stab M p,s .
As a tool for the proof of the theorem, we first show the following result which determines the Calabi-Yau dimension of stab M p,s in general.
Theorem 4.2. (Stable Calabi-Yau dimension of Möbius algebras)
(1) Let p, s ≥ 1 be integers and set
Then the Calabi-Yau dimension of stab M p,s is 0 . All indices have to be considered modulo s. For i ∈ {0, . . . , s−1} denote the uniserial vertices on the α-path (the β-path) between v i and v i+1 by α 1 (i), . . . , α p (i) (by β 1 (i), . . . , β p (i) ).
The Nakayama automorphism ν of the algebra M p,s is given by mapping each biserial vertex v i to v i−1 (i.e. in clockwise direction to the next biserial vertex), and each uniserial vertex α j (i) to α j (i − 1) if i = 0, and α j (0) to β j (s − 1). Completely analogous for the vertices β j (i).
Recall that the Calabi-Yau dimension of stab M p,s is the minimal nonnegative number d such that ν ∼ = Ω −d−1 on stab M p,s . The Heller translates for the simple modules of the Möbius algebras have been described in detail in [8, sec. 2] . A crucial feature for our purposes is that the smallest positive integer r for which there exists a permutation π on the vertices of the quiver such that for the corresponding simple modules we have Ω −r (S v ) = S π(v) is r = 2p + 1 (see [8, lem. 2.5] ). Moreover, the permutation π is given as follows: for biserial vertices we have π(v i ) = v i−(p+1) (i.e. shifting p + 1 units clockwise). The uniserial vertices are shifted clockwise accordingly, but we have to take the twist in the relations at the biserial vertex v 0 into account. More precisely, let α j (i) be a uniserial vertex (the statements for the β j (i) are completely analogous). Then π(α j (i)) = α j (i−(p+1)) if the vertex v 0 is between v i and v i−(p+1) in the clockwise ordering (i = 0 is allowed here), and π(α j (i)) = β j (i − (p + 1)) otherwise. (In other words, when shifting p + 1 units clockwise we change from α to β-vertices if we do not pass the vertex v 0 .) Comparing the clockwise shift by p+1 units with the above description of the Nakayama automorphism yields the first condition k(p + 1) ≡ 1 mod s in the definition of the number K p,s . The second condition arises from the twisting for the uniserial vertices described above. In fact, we get the Ω −k(2p+1) 's of simple modules from the permutation π k . From the above description of π, we get Ω −k(2p+1) ∼ = ν (on simples) precisely when k(p + 1) ≡ 1 mod s and 
There exists an l ≥ 0 such that this number becomes even if and only if s + p + 1 is odd. This proves the assertion in (2).
Proof of Theorem 4.1. According to the assumptions we suppose that u(p + 1) + 1 = s(2p + 1) and that u is odd.
Just as in the proof of Theorem 3.1, by [17, thm. 4 .2], we need to show that stab M p,s has Calabi-Yau dimension u + 1 and has a maximal uorthogonal module X which, moreover, satisfies Hom(X, Σ −i X) = 0 for i = 1, . . . , u − 1.
We first show the statement about the Calabi-Yau dimension, as a consequence of Theorem 4.2. For determining the number K p,s we need some preparation. We consider the integer
Since gcd(p+1, 2p+1) = 1 by assumption, we deduce that p+1 divides s + 1. Moreover, the integer s+1 p+1
is odd, since u is odd by assumption. Now we compute the number K p,s . Firstly, for the condition
is clearly the minimal (positive) solution. Secondly, for this value k = s+1 p+1
we have that
, and then by Theorem 4.2 we conclude that stab M p,s has Calabi-Yau dimension
as claimed.
such that the module x p+1 is a simple module S v corresponding to a biserial vertex v of the quiver of M p,s . The other modules in this slice can also be described. For j = 1, . . . , p, the module x j is the uniserial module of length p + 2 − j with top S v , and the module x p+j+1 is the uniserial module of length j + 1 with socle S v .
In particular, the bottom p maps are epimorphisms and the upper p maps are monomorphisms. The composition of all 2p maps in such a slice is non-zero, mapping the top onto the socle. Most importantly for us, it does not factor through a projective module, i.e., it is a non-zero morphism in the stable module category of M p,s .
From this it follows immediately that the stable endomorphism ring of the module X is actually isomorphic to kA 2p+1 .
We now show that the module X defined above is maximal u-orthogonal. The argument is also analogous to the Nakayama algebra case. The crucial difference is that now u is odd. Hence, the forbidden regions defined in [14] (and discussed in the preceding section) now have the following shape,
The only way we could fail to get Hom(X, Σ −i X) = 0 would be if we took i so large that the ω i (x j ) made it all the way around the AR quiver and hit the forbidden region from the right.
In fact, let us look at the largest index i = u − 1. As ω 2 is just a shift by 2p + 2 units to the left, we have that ω u−1 = (ω 2 )
u−1 2 is a shift by u − 1 2 (2p + 2) = (u − 1)(p + 1) = s(2p + 1) − (p + 2)
units to the left.
The AR quiver has a circumference of s(2p + 1) units, so offhand, it looks like some of the ω u−1 (x j ) are indeed in the forbidden region. However, the AR quiver is a Möbius band, and the change of orientation means that, although u − 1 is even, the ω u−1 (x j ) form a diagonal line perpendicular (not parallel) to the line of the x j , and the shift of p + 2 is large enough that the line of the ω u−1 (x j ) lies to the right of the forbidden region. So Hom(X, Σ −i X) is zero for i = u − 1, and hence certainly also for all values i = 1, . . . , u − 1. This completes the proof. This is the only possibility where a 1-cluster category can be triangulated equivalent to the stable module category of a representationfinite selfinjective algebra with tree class A n . This follows from the complete classification of representation-finite selfinjective algebras of stable Calabi-Yau dimension 2 given in [9, cor. 3.10] .
